In the energy markets, in particular the electricity and natural gas markets, many contracts incorporate flexibility-of-delivery options, known as "swing" or "take-or-pay" options. Subject to daily as well as periodic constraints, these contracts permit the option holder to repeatedly exercise the right to receive greater or smaller amounts of energy.
Introduction
Due to the complex patterns of consumption and the limited storability of energy, many contracts in the energy markets have been designed to allow flexibility-of-delivery with respect to both the timing and the amount of energy used. Under a regulated environment, pricing such contracts has not been an issue, since prices were set by regulators under the assumption of cost recovery, meaning that if the set price turned out to favor either the producer or the consumer, future prices were adjusted to compensate for the over-or under-payment. With the transition to a deregulated environment such compensation will no longer be possible and contracts will need to be priced according to their financial risks. Historically, the contracts that have allowed the most flexibility, and consequently are the most complex, have been known as "swing" or "take-or-pay," and have occasionally been called "variable volume" or "variable take." Providing their owner with flexibility-of-delivery options, swings permit the option holder to repeatedly exercise the right to receive greater or smaller amounts of energy, subject to daily as well as periodic (monthly, or semi-annual) constraints. Due to their non-standard nature, these options are indeed "exotic," but what renders them particularly interesting is that they have a natural raison d'être in the marketplace: They address the need to hedge in a market subject to frequent, but not pervasive, price and demand spiking behavior that is typically followed by reversion to normal levels. 1
In this paper we develop a framework for the pricing of swing options in the context of a one-factor, seasonal, mean-reverting stochastic process for the underlying commodity price, from the point of view of a profit maximizing agent. Such an agent is not legally or physically precluded from selling excess amounts he or she cannot consume. As a result any exercise amount is chosen solely by economic reasons. We also calibrate the seasonal, mean-reverting model for the stochastic process describing the underlying commodity price for the case of natural gas using observed market prices for futures and options contracts, implement the numerical scheme for pricing swing options and provide numerical examples.
Descriptions of swing options, as well as other options traded in the energy markets, have attracted a lot of interest from participants in the energy markets. Joskow (1985) examines specific coal contracts and shows that most have take-or-pay provisions. Joskow (1987) looks at more general coal contracts and notes that they usually include delivery schedules with minimum and maximum production and take obligations. Kaminski and Gibner (1995) provide descriptions of several exotic options traded in the energy markets. Barbieri and Garman (1996) and Garman and Barbieri (1997) focus on swing options and describe several variants, but without discussing how to value them in an efficient manner. Thompson (1995) considers special cases of take-or-pay contracts and, for these specific structures, extends a lattice-based valuation approach introduced by Hull and White (1993) . Pilipovic and Wengler (1998) also discuss special cases of swing options which can be solved with simple procedures. The main contribution of our paper is to provide an efficient valuation framework for the most general case of a swing option, as well as to propose and calibrate a stochastic process appropriate for energy prices.
Swing options and their variants have a potentially wide array of application. For example, a variant of swing options, called flexi-option, has been used in interest rate risk management.
Other applications of swing options include the valuation of storage facilities and the option to repeatedly shut down services. Common options in supply-chain management can also be thought of as swing options. Anupindi and Bassok (1999) discuss multi-period supply contracts with different degrees of flexibility under uncertain demand that is independent and identically distributed across periods. The valuation framework we present in this paper also applies in this situation, and allows generalizations along the directions of state-dependent demand uncertainty and restrictions in the total quantities supplied over multiple periods.
The paper is organized as follows: Section 2 provides a definition of swing options, discusses several of their properties, and introduces a dynamic programming framework for their valuation. Section 3 describes a one-factor, seasonal, mean-reverting, model for the spot price of the underlying commodity, introduces a pricing framework for futures and European options on futures, and provides empirical calibration results for the case of natural gas. Section 3.2 concentrates on the valuation of swing options under the one-factor model, describes the numerical scheme and provides numerical examples. Section 5 concludes.
The Swing Options

Definitions
A swing contract is often bundled together with a standard base-load forward contract which specifies, for a given period and a predetermined price, the amount of the commodity to be delivered over that period. The swing portion allows flexibility in the delivery amount around the amount of the base-load contract.
There are many types of swing options, but they all share a few common characteristics.
If 0 is the time when the contract is written, the option takes effect during a period
This period usually coincides with the period for the base-load contract. Within this period the swing entitles the owner to exercise up to N rights. These rights can have different meanings leading to different variants of swings. In all cases, a right can be exercised only at a discrete set of dates T 2 , with at most one right exercised on any given date. Moreover, if a right is exercised on a given date, there is a "refraction" time ∆t R , which limits the next time a right can be exercised.
, then this restriction is redundant; otherwise, this refraction constraint would need to be included in the contract.
The two main categories of contracts depend on the duration of the effect associated with the exercise of a right:
Local effect: The exercise of a right modifies the delivery volume only on the date of exercise, i.e., the delivery reverts to the level specified in the base-load contract thereafter.
Global effect: The exercise of a right modifies the delivery volume from the exercise date on, i.e., the delivery remains at the new level until the next exercise, if any.
In the remainder of this paper we will concentrate on the first category of contracts. The pricing of contracts in the second category is similar but contains enough different subtleties to warrant separate treatment. From now on when we refer to swing contracts we refer to flexible contracts of the first category.
As indicated before, there exist many different variants, depending on the exact specifications of the rights. We assume that each right, if exercised on a given date, allows the holder of the swing contract to choose an incremental volume which may be positive or negative. When positive, the holder receives an increased amount of the underlying commodity while, when negative, the holder delivers that amount or, equivalently, decreases the base-load volume. In addition, in case of an exercise at date τ j , 1
¥ j ¥ n, physical constraints restrict the chosen incremental volume to take values in the following intervals:
where the bounds are specified in the contract and are such that l 1
The total volume delivered over
T 2¤ via the swing contract is typically restricted between bounds specified in the contract. Violation of this overall constraint might be allowed but would lead to penalties settled at expiration (either a one-time penalty or a per unit violation penalty). The penalty could be pre-determined at the initialization of the contract or depend on the value of a random variable observable at expiration T 2 (such as the spot price at expiration, or the maximum spot price over
, or the average spot price over this period).
All these various possibilities can be captured in the contract by the specification of a general penalty function ϕ, where ϕ V is the total penalty cost to be paid by the holder of the contract at time T 2 for a total demand of V units over
For example, for a contract which specifies that the total volume delivered by the swing needs to be in the interval
with a fixed penalty of C 1 dollars if below Min, and a per unit penalty of P T 2 (the unit spot price of the underlying commodity at time T 2 ) if above Max, the function ϕ is defined by
For another example assume that the contract specifies that the total volume delivered by the swing has to be in the interval
, and that this is an absolute constraint. Then the function ϕ would be defined as:
Max
In order to complete the description of the swing one needs to specify a "strike" price at which one unit of commodity will be exchanged at the time of the exercise of a right. There are many possibilities: one could use a pre-determined strike price K, fixed at the initialization of the contract; or one could use a strike price observable at a future date (e.g. the commodity spot or T 2 -futures price at time T 1 ); or variable strike prices either known at the initialization of the contract or observable at future dates.
Mathematical Description of the Standard Swing Option
The main input parameters associated with a standard swing contract are:
Time at which the contract is written and priced: 0
Consumption interval:
Number of rights: N ¥ n Refraction period: ∆t R Volume constraints at τ j :
Penalty function, depending on the total demand over
n, define the exercise decision variables as follows:
( 1 if the holder of the swing contract exercises for more volume on date τ j 0 otherwise
( 1 if the holder of the swing contract exercises for less volume on date τ j 0 otherwise and the corresponding volume decisions
The following set of equations provides a precise mathematical description of the constraints associated with a standard swing option:
Properties of Swing Options
There are several properties of swing options independent of the stochastic model for the price of the underlying commodity. Let us first focus on a simple standard swing contract.
A simple swing contract
Following the specifications of 2.2, consider a simple case with N rights, each giving the option of buying one extra unit of commodity at strike price K, with no overall constraints on the total number of extra units bought over
1. For N # 1 (one exercise right), the value of the swing option equals that of a conventional American-style call option (more precisely a Bermudan option because of the restriction of the exercise space to a set of discrete dates).
2. An upper bound to the value of the swing option with N exercise rights is given by N identical Bermudan options. While the Bermudan options could (and optimally would) be exercised simultaneously, the swing option permits the exercise of only one right on each exercise date and imposes a refraction period as well.
3. A lower bound to the value of the swing option is given by the maximum value of a strip of N European options covering the same length of time and amount, where the maximum is taken over all possible sets of N distinct exercise dates. This lower bound corresponds to the best set of pre-determined exercise dates, whereas the swing's exercise dates cover the entire time range.
4. For the case where N # n, i.e., when the number of rights is equal to the number of exercise dates, the value of the swing option is equal to the value of a strip of European options.
5. Without any penalty for overall consumption, the swing will be exercised in "bangbang" fashion, i.e., either at the highest or lowest level allowed by the local constraint.
General Properties
The properties discussed above for the case of the simple swing do not hold in general. When the penalty function is non-zero there is no obvious correspondence between the value of European, or American/Bermudan options and the value of the swing. Moreover, it is no longer necessarily true that swings are exercised in bang-bang fashion. However the following properties hold:
1. Under the assumption that the stochastic process for the price of the underlying commodity exhibits constant returns to scale, and that the penalties are of the unit type, 2 the value of the swing option is homogeneous of degree one in prices and penalties:
where f is the value of the swing. To show this, note that the value is obviously homogeneous when one uses the same exercise policy under both scales. The result then follows from the fact that one can use the same optimal exercise policies under both scales.
2. The value of the option is homogeneous of degree one in quantities:
The argument for the validity of this property is quite similar to the one given in Property 1. One simply has to argue that an optimal exercise policy under one scale can be rescaled to become an optimal exercise policy under the other scale.
These two general properties significantly reduce the computations for swing prices, as one can work in one scale of prices and quantities and imply swing prices for all other scales.
Valuing Swing Options via Dynamic Programming
The complexities of swing options -specifically, the constraints explained in 2.2 -require a modification of the dynamic programming techniques used to price American-style options.
Whereas an American option can be exercised only once, a swing option has multiple exercise rights, and it also has constraints on total volume delivered. Apart from the underlying spot price, the following two state variables are necessary to price a swing: number of exercise rights left and usage level so far. Assuming appropriate discretization of the usage level variable, swing options can be priced through a binomial/trinomial forest -a multiple-layer tree extension of the traditional binomial/trinomial tree dynamic-programming approach. 3
The intuition behind the valuation of swings is as follows. The procedure starts from the option's expiration date and works backward in time to value the instrument using "backward induction" in three dimensions: Price; Number of Exercise Rights Left; and Usage Level. 4
At each date the possibility of an exercise is considered by taking the maximum value over staying in the current tree, i.e., not exercising a swing right, or jumping down to the tree with To numerically price a swing option we discretize the usage amount delivered in each possible exercise date. 6 Assuming that the owner of the swing can only choose among, at 5
The figure implicitly assumes that the refraction period equals the period between possible exercise dates. To deal with situations where the refraction period is greater, one would need to introduce an additional state variable that keeps track of the time left until the option holder is allowed to exercise another swing right.
6 The discretization does not imply that that the optimal exercise amount is limited to the discrete amounts prescribed by the stepsize in the discretization scheme. One could interpolate among the swing values for different usage levels to calculate the optimal exercise amount. Total number of Trees In Appendix A we discuss the convergence of the swing price as the time interval between nodes in the approximation tends to zero.
A One-Factor Model for Energy Prices
Before presenting numerical examples of pricing swing options, we offer a model for natural gas prices that we calibrate to data. The model describes the behavior of an underlying spot price P t through a one-factor mean-reverting stochastic process and is an extension of models discussed in Schwartz (1997) and Schwartz and Smith (2000) . 7 We formulate the stochastic process directly under a given market-defined martingale probability measure Q. This measure is such that all tradable instruments, such as futures, forwards and options have prices that are described by stochastic processes which, when discounted, are martingales under Q. We do not assume that the spot price P t corresponds to a tradable instrument (nor do we assume that it is observable) so its discounted price process will not necessarily be a martingale under Q.
Nevertheless, in an abuse of notation, we will refer to Q as the risk-neutral measure in the remainder of this paper.
The intuition behind having a non-tradable spot instrument lies in the limited fungibility of energy. An amount of natural gas or electricity delivered at one time is not equivalent to the same amount delivered at another time. Absence of asset substitution across time appears in other commodities as well, and has been modeled in the literature by a derived quantity, the "convenience yield," as discussed in Gibson and Schwartz (1990) . We do not introduce a convenience yield, but it is easy to see that the process for the underlying spot price could be transformed into a martingale under Q with the addition of a convenience yield term. This possibility suggests that convenience yields can be understood in terms of limited asset substitution across time.
7 See also the works of Pilipovic (1997) , Barz (1998 ), and Deng (1999 ), Deng (2000 . Manoliu and Tompaidis (2002) provide an extension to a multi-factor model for energy prices. While for spot electricity prices, a onefactor mean-reverting model may be inadequate, due to the existence of large-in-magnitude and short-in-duration price spikes, an one-factor mean-reverting diffusion model is plausible for the price of monthly futures contracts for natural gas. We also point out that for our dataset, discussed in Section 3.3, there are very small differences in the performance of a calibrated one factor and two factor model, due to the lack of long term options data.
Formulation
Let P t denote the spot price at time t. An example for P t is the value of a unit of energy delivered a fixed time after time t, e.g. the following hour or day.
We describe P t by the product of a deterministic seasonality factor f t and a random factor describing the deseasonalized spot price D t
The period of the seasonal pattern in the spot price can be set to unity without loss of generality, i.e., f t 1 # f t . To avoid redundancy we impose a normalization condition:
We assume that the logarithm of the deseasonalized spot price X t # ln D t reverts to a long-term average level ξ, according to an Ornstein-Uhlenbeck process:
where Z t t is a standard Brownian motion under the risk-neutral measure Q
1
The mean reversion rate κ and instantaneous volatility σ X are assumed constant.
Given information at time 0, the random variable X t is normally distributed under the riskneutral measure with mean
and variance
Accordingly, the deseasonalized spot price and the spot price are log-normally distributed with
1 2
Valuation of Futures and Options on Futures
Under the assumption that interest rates depend deterministically on time, futures prices are equal to forward prices, and, denoting by F t £ T the price at time t for a forward contract that matures at time T , we have
where F t represents all the information available up to time t. Under the one-factor model we
Using equations (3) and (5) and applying Itô's lemma, the futures price follows the stochastic
8 The simplest way to derive equation (6) is the following: from equations (3) and (5) we have
From equations (4) and (6) To value European options on futures we can exploit the fact that the futures price F t £ T is log-normally distributed. The price C 0 , at time 0, of a European call with expiration at time t and strike K on a futures contract that matures at time T is given by Black's formula
where N is the cumulative standard normal distribution, and d is given by
where
The annualized implied volatility is given by σ 1
The implied volatility tends to zero as t 1w 2 as the time to the expiration of the option increases. The intuition behind the decline of the implied volatility is that in the long-term the mean reversion dominates and the volatility tends to the volatility of the mean level ξ £ which, in our one-factor model, is zero. 9
Empirical Calibration
We have obtained futures prices and implied volatilities for options on futures on natural gas.
Our dataset covers the period from 9/2/97 to 9/4/98 and was obtained from the Bloomberg
On the other hand, postulating equation (6) for dF, we have
service. For each trading date we have the futures prices for delivery of natural gas for the following 36 months. Delivery of natural gas takes place at Henry Hub throughout the delivery month at the price at which the futures contract settles on its last trading day, i.e., the third to last business day before the beginning of the delivery month. Prices are quoted in $/MMBTU (dollars per million British Thermal Units). The dataset also contains the implied volatility for the options on the following month futures contract (the option of the shortest expiration).
To calibrate the one-factor model to the natural gas price we assumed that P represents the futures price for delivery of gas over the next month, starting in three business days. 10 For the functional form of the seasonality factor f we use a function that is piecewise constant with 12 different values, one for each month of the year. The normalization condition, eq. (2), was imposed on the values of the seasonality factor
The parameters that were calibrated include the twelve values for the seasonality factor, the volatility σ X , the mean-reversion rate κ, the long-term level ξ and the initial value of the deseasonalized spot price X 0
1
An additional constraint was imposed on the calibrated short term volatility by setting it equal to the implied volatility
where t is the time to the expiration of the option. The objective function that was minimized, under the constraints (9) and (10), was the sum of the absolute difference between the calibrated and the actual futures prices, over all the available maturity dates.
The calibration was performed for every Monday and Friday in the dataset and 103 sets of calibrated parameters were obtained. Empirical results are summarized in Table I and illustrated in Figure 2 .
The in-sample error of the calibration is quantified by the average error per futures contract, which, over the whole sample, was 1.95 cents (a little less than 1%), while the biggest average error on any date was 3.8 cents per futures contract and the smallest average error was 0.5 cents per contract. Hull and White (1994) 
Numerical Method for Pricing Energy Derivatives
Tree-Building Procedure
The second stage in the construction of a tree for the logarithm of the deseasonalized spot price X t is to displace the nodes 
is the probability of moving from node 
11
There are alternative ways in determining the maximum value of J. For example one can check whether standard branching of form (a) would lead to "probabilities" that are greater than 1 or less than 0, in which case one can switch to the non-standard types of branching.
Once B i j have been defined, a i is given by
where F i is the forward price with maturity date i δt and f i the seasonal index for the maturity date i δt.
In Figures 3-5 we illustrate, through a numerical example, the construction of the trinomial trees. The time δt between the nodes is one month, and the current time is the last day that the October forward contract is traded. The spot price corresponds to the forward price of the contract maturing today. The term structures of forward prices and seasonality factors are given in Table II . The long-term mean-reversion level ξ is 0.8, the mean-reversion rate κ The increments in the X y direction are δX 
A Numerical Example for Pricing a Swing Option
In this example we consider a simplified swing option where we have four exercise dates but can exercise at most two swing rights; each exercise permits the purchase of either one or two MMBTUs. Exercise can occur at the last day of the month that the following month forward contract is traded. To value such an option, envisage three trinomial trees -one each for: no exercise rights left; one exercise right left; and two exercise rights left -layered one above the other. The interest rate is 5% per year, and the other parameters are the same as in the example presented in the previous section. The logarithm of the deseasonalized spot price tree is shown in figure 5 .
We consider two swing price structures The strike is written at-the-money-forward, i.e., for delivery in October it is set at $2.36, for delivery in November at $2.45, for delivery in December at $2.58 and for delivery in January at $2.59. 
12
Working backward, the value of the swing option is $1.39. Expressed as a percentage of the spot natural gas price (the one corresponding to the October forward contract), the value of the swing is 59%.
Notice that, due to the mean-reversion in the spot price, swing rights are exercised early for large deviations from the forward price. To compare with the upper and lower bounds, the value of a 3 month, Bermudan option that can be monthly exercised for up to two units, is worth $0.79 (33% of the unit spot price), which is the same as the price at the root node of the tree with one right left to exercise. The value of the European options expiring in 1, 2, and 3 months, are $0.30 (13%), $0.63 (27%) and $0.71 (30%) respectively. Therefore the lower bound for the swing price is $1.34 (57%) and the upper bound $1.58 (66%).
The calculations for the swing with the strike written at-the-money-forward are shown in We also examined the interesting issue whether there exists a unique optimal threshold value for the early exercise of call options in the environment considered in our paper: Geometric Brownian Motion vs. mean-reversion, and alternating fixed and variable seasonality factors and exercise prices; i.e., whether, if it is optimal to exercise a swing right for Sy 
Concluding Remarks
In this paper we have presented and tested a general valuation framework of a common and important form of options found in the energy sector, swing options which permit their holders to buy or sell energy subject to both daily and periodic limits. The valuation methodology is based on the use of multi-layered trinomial trees, which both discretizes the stochastic process and permits the valuation of an option requiring multiple decision variables. To ground the results firmly in both theory as well as empirical applicability, the paper has also proposed and tested an one-factor mean-reverting process for energy prices which explicitly incorporates seasonal effects. This paper has concentrated on the case of a profit-maximizing agent whose specific consumption needs are irrelevant. However, many end-users of swing options could be legally or technically precluded from selling excess amounts they cannot consume. In that situation, the exercise amount is constrained by the option-holder's ability and need to consume energy.
Often the daily needed quantity is itself unpredictable and very frequently weather-related. 13 Under such conditions the pricing and hedging framework would need to be extended once an adequate market measure is chosen. This choice is intimately linked to the possibility of hedging the "private" quantity uncertainty of the buyer, for example by using weather derivatives.
While the techniques developed in this paper can still be useful, the overall pricing and hedging framework faces the same conceptual difficulties encountered in real options valuation and hedging for which both private and public risks are present.
13
See also Jaillet, Ronn, and Tompaidis (1998a) , Jaillet, Ronn, and Tompaidis (1998b) for some related practical discussion on this topic.
A. Convergence of the Numerical Algorithm
We note that the stochastic process for the logarithm of the deseasonalized spot price follows a mean-reverting Ornstein-Uhlenbeck stochastic process. The numerical algorithm presented in Section 4.1 corresponds exactly to the trinomial tree construction proposed by Hull and White (1994) , where the logarithm of the deseasonalized spot price plays the role of short-term interest rate, and where the deseasonalized spot price plays the role of a discount bond. The weak convergence of this numerical algorithm in the space of continuous functions has been established, for the case of European options, by Lesne, Prigent, and Scaillet (2000) . We note that the results of Lesne, Prigent, and Scaillet (2000) do not directly apply to approximations to the seasonal spot price, due to the discontinuity of the seasonality factor.
We use induction to establish weak convergence for the swing options considered in this paper. Starting with the swing option with no exercise rights left, and for any usage level, we have that the value of the swing option is equal to the discounted expected value of the terminal date penalty corresponding to the usage level. By the Lesne, Prigent, and Scaillet (2000) result, the swing value computed by the numerical approximation to the deseasonalized stock price converges to the continuous time value as δt d 0. Next, we consider the swing value for the swing with one exercise right left. On the first-to-last exercise date before expiration the value of the swing option is the greater of the value obtained by immediate exercise for an allowed usage amount and that obtained by the discounted expected value of the terminal payoff if the option is not exercised (note that the time between exercise dates is finite). By the Lesne, Prigent, and Scaillet (2000) result, we have that the discounted expected value of the terminal payoff computed by the numerical approximation converges to the continuous time discounted expected value as δt d 0. The value of immediate exercise, on the other hand, is equal to the amount received from exercise plus the discounted expected value of a swing option with no exercise rights left, and, thus, converges to the continuous time value. Since the maximum function is continuous with respect to its arguments, the value computed by the numerical approximation converges to the continuous time value. By induction, the numerical approximation converges for earlier exercise dates, as well as for multiple swing rights.
